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i> : 

Abstract. A variational inequality for the images of fc-dimensional hyper- 
planes under quasiconformal maps of the n-dimensional Euclidean space is proved 
' when 1 < k < n — 2 . 

•5 

1 Main Results 

Below we use the terminology and notation of [7]. 

Let R" be the n-dimensional Euclidean space, n > 2, let / : R™ - R" 
be a mapping of the class loc (R n ), and let /' : R n — > R n denote its formal 
derivative. We write 

\\f(x)\\=max\f(x)h\. 



o 



X 



A homeomorphism / : R n — > R" is called K -quasiconformal [10, p. 250-252] 
if / G WjjocCR") and ' 

(1.1) \\f(x)\\ n <KJ(x,f) a.e. on R", 

where J(x, f) = det (f'(x)) is the Jacobian of / at the point x G R n . The smallest 
constant K in (1.1) is called the outer dilatation of / and denoted by Ko(f). The 
smallest constant K > 1 in the inequality 

J(xJ)<K£(f(x)) n 

is called the inner dilatation of / : R" — * R n and denoted by Kj(f). Here, 
£(f'(x)) = min^^i \f'(x) h\ . The quantity 

K(f)=msx{K (f),K I (f)} 

is called the maximal dilatation of / [10, Section 14.1]. 

If / : R™ — > R" is quasiconformal, then it is well-known that /(R n ) = R n 
and the inverse map f" 1 : R n — > R n is also quasiconformal in R ra with K(f^ 1 ) = 

K(f)- 

Let d(x', x") be the Euclidean distance for x' , x" 6 R n . We write 

B(a, t) = {x G R n : d(a, x) <t}, S(a, t) = {x G R" : d(a, x) = t} . 
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Let y = (yi, 1/2, y n ) be a point in R™ and 1 < k < n — 2. Consider a 
£;-dimensional plane 

Ho = {y = (yi, y2, ■ ■■ , y n ) e R n : y k +i = ■ ■ . = y n = 0} . 

Let Il fe be a £;-dimensional surface in R n , i.e. a homeomorphic image of a k- 
dimensional plane. Fix a point a E U k and R, < R < oo. Denote by n fe (a, i?) 
a component of n fe fl £>(a, R), a e n fc (a, i?). We say that a ^-dimensional surface 
Il fc is a K-quasiplane, if there exists a i^-quasiconformal mapping / : R™ — > R™ 
such that /(n fc ) = n*. 

For n — 2, the following result is well known [1]. A curve LT 1 C R 2 is a 
K -quasiconformal line if and only if there exists a constant C(K) such that 

«(C3,Cl) 

/or ever^/ thp/e of distinct points on LT 1 such that ( 2 lies between £i anc? ^3- 

For more information on quasiconformal lines, we refer to [8], [2, Chapter 14], 
[9], [11], [18], [12], [17]. Quasiplanes IP" 1 in R n with codimIT 1 - 1 = 1 were consid- 
ered in [13], [16] and, in the setup of Riemannian manifolds, in [14]. Quasiplanes 
may have a highly complicated structure. For instance, it is well-known that qua- 
siconformal lines may have Hausdorff dimension > 1 and hence be non-rectifiable; 
on the other hand sufficient conditions for the (n — l)-rectifiability of quasiplanes 
n n_1 in R n were given in [13]. Below we consider the case of i^-quasiplanes in 
R n of dimension 1 < k < n — 2. 

For an arbitrary open subset E on the sphere S(a, r) C R n we define the 
quantity 

(7 |v s¥ >|w- J 

(1.2) 77(E) = sup inf 

A V 



1/n 



J \ v -A\ n dH n - 1 



1/n ' 



Here the infimum is taken over all functions 

the supremum is taken over all constants A and <9E is the boundary with respect 
to S(a, r) . 

The quantity Vsy? is the gradient of ip on S(a,r). (The most convenient for 
our purposes the definition of Vsy? on a surface S C R n see, for example, in §2 
of [15]). 

The zero boundary values = are understood in the Sobolev sense, i.e. 

f e <o(S) • 

It is clear that 

(( ivs^rdn-- 1 ) 1 ^ 

(1-3) ,(E)>inf^ 



\(p\ n dH 



n-l 
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Because dim S — n — 1 , it follows from Sobolev's C°-embedding theorem that the 
right side of (1.3) is > at least for every E with a smooth boundary 5E ^ . To 
find the best ?7(E) is an open problem. 



1.4. Theorem. Let Tl k be a K-quasiplane in R n with 1 < k < n — 2. Then 
for every point a E IT fc and all < r < R < 00, tie following relation holds 



(1.5) exp|-^|r ? (E(a,r))dr| < D(n,tf) 



R y(3 

r J 



Here (3 = tfVfa-i) and 



D(n, K) = , £>* = D*(K) = exp (4AT(AT + l)y/K=l) . 



2 The language of differential forms 

Let 1 < k < n — 2 and let 

/ = (fii ■ ■ ■ , fk, fk+i, ■ ■ ■ , fn) : R™ — > R" 

be a X-quasiconformal mapping. 

Let IIq be a fc- dimensional plane of the form 

n o = {y = (yi) • • • > J/*, s/fc+i, • • • > yn) : Vk+i = ■ ■ ■ = y n = 0} . 

We will study some properties of the dimensional surface 

u k = r\u k ). 

Fix a point o £ IT fc . For R > let II(a, i?) be the component of U k D B(a, R), 
containing the point a and E(a, i?) = <S(a, R) \ U(a, R). 
We consider the differential form of degree n — 1 

E (-l) i - fc_1 /id/iA...A^A...Ad/ n . 

i=fc+l 

It is clear that for a.e. R E (0, 00), we have 

L0EW 1A (S(a,R)) and to\ d ^ a , R) = . 

We have 

= ELfc+il-l) 4 """ 1 ^ A d/fe+i A ... A dfi A ... A df n 
= (n - fc)d/x A... A df n , 
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n-1 



and thus, 

*du =(n-k) J(x, f) > . 
For a.e. R £ (0, oo) we write 

e f (a,R)= sup f (*du) dH^ 1 / f \LU-u \dH 

E(a,R) ' E(o,fl) 

where the supremum is taken over all weakly closed (n— l)-forms u e W /1 ' 1 (i3(a, 2/2)) 
such that 

wo|s (0) fl) e^ 1 ' 1 ^,/?)) . 

Denote 

\/(a,r)= y J(x,f)dH n . 

B(a,r) 

Because H n (Ho) = we see that H n (H k ) = and for a.e. r > we have 

r'(tfn%r)) = o. 

Thus, 

J UJ = J uj = J u . 

E(a,r) S(a,r)\n* S(o,r) 

For an arbitrary weakly closed [7] form ujq and almost all < R < oo the 
following relations hold 



J \cu - u \ dH n - 1 > J {lu-lu ) = 

E(o,fl) 

= (n-fc) / J(x,f)dH n = (n-k)V(a,R). 



E(o,fl) E(o,fl) 

(2.1) 



B(a,R) 



Here we used that /j| n * = (z = + 1, . . . , n) and that for the weakly closed form 
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E(a,i?) 

„ n 

J E (-l) i_fc - 1 /id/iA...Ad/ i A...Ad/ n = 

E(a,R) i=fc+1 

E^fc+iC-l)*"*" 1 / /i#iA...A4fcA...A4f B = 

E(a,R) 

EIU+i / d/iA...Ad/ i A...Ad/„ = 

B(a,il) 

(n - fc) y J(x, /) dft n . 

B[a,R) 

The relation 

(2.2) | / i d/ 1 A...A^ i A...Adf n = (-l) < - fc - 1 | dhA...Adf n 

E(a,R) B(a,il) 

is clear in the case of C 2 -smooth maps. In the general case we approximate 
the homeomorphism / : R n — > R™ of class W^(R n ) by smooth maps with the 
following properties: 

i) fs—*f locally uniformly in R™ as s — > oo; 

m) — /'(x) 1 1 — > as s — > oo for every subdomain £> CC R n . 

We easily see that such an approximation is possible if we use the familiar 
technique of approximating Sobolev functions by smoothed averages (see, for ex- 
ample, [6, §4.2.1]). Then we fix arbitrary r lt r 2 with < r\ < R < r 2 < oo. Using 
the formula (2.2) for smooth functions f s , we get 

(-ly-^jdr J J(xJ s )dH n = j J f si df sl A...Adj; i A...Adf sn . 

ri B(a,r) n E(o,fl) 

Since f s — > / uniformly on B(a,r) and fk\n k — 0, passing to the limit as s — > oo 
we obtain 

(-ly-^Jdr J J(x,f)dH n = J J f,df 1 A...Adf l A...Adf n . 

ri B(a,r) r i E(o,fl) 

We divide both sides of this equation by r 2 — r±. Letting r 2 — > ri, we see that 
(2.2) holds for almost all i? > 0. 



y (w - ^o) = 

E(o,fl) 
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Thus, (2.1) is proved completely. 
Fix < a < 1 and choose u such that 

ae f (a,R)< J (*dcu) dH n ~ l I J \u-u G \dH 

S(a,R) ' S(a,R) 

By (2.1) we have 

ae f (a,R)< J J{x, f) dH n / V(a, R) 

E(o,fl) ' 

and setting a — > 1 we obtain 

e f (a, R)< J J(x, f) dU n / V(a, R) . 

S(a,R) ' 

Since |Vd(a, x)| = 1 we arrive at 

y J(x,f)dH n - 1 = J J(x,f)dH n - 1 = V'(a,R)>e f (a,R)V(a,R), 

S(a,R) S(o,fl) 

which is true for a.e. R G (0, oo). 

The function t h- > V(a, t) is absolutely continuous on [r, i?] and solving this 
differential inequality we have 

' V(a, R) 



(2.3) exp j/ £f(T)rfT j<^ 



r) 



We put 



l(a,t)= min |/(x)-/(a)|, L(a,t) = max \f(x) - f(a)\ . 

x(zS(a,t) x£S(a,t) 

Now, 

V(a, r) > a n l(a, r) n , V(a, R) < fi n L(a, i?) n , 
where fi n = 7Y n (5(0, 1)) . Hence, 



V(a,r) ~ l(a,r) 7 



We use the following bound for quasiconformal maps. 

2.5. Theorem. Let f : R n — > R n be a K -quasiconformal map. Then for 
every point a G R n and an arbitrary p, < p < oo the following estimate holds 

(2.6) < A. > £** = = exp(4X(X + ljv 7 ^ 3 !) . 
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For a proof see, [2, Theorem 14.8]. 

Using (2.6), we see that 

/ 97 x L(a,R) L(a, R) l(a, R) L(a,r) 2 l(a, R) 

{ ] l(a,r) l(a,R) L(a,r) l(a,r) ~ * L(a, r) ' * * { h 

We next show that if /3 = K 1 ^-^, then for < r < R 

,2.8) (*)'. 

L(a,r) Vr/ 

Indeed, because the case l(a, R) < L(a,r) is clear, we may assume that l(a, R) > 
L(a,r). Applying the well-known formula for the n-capacity of a spherical con- 
denser in R n , we obtain 

"n-i ( ln ^y) = ca P {B(f(a),L(a,r)),B(f(a),l(a,R) 

>cap (fB(a,r)JB(a,R 
> cap (B(a,r), B(a,R 

1 /i R x 

^ w n _i (In 7 



where u n -i is the (n — 1) -dimensional area of the boundary of B(0, 1). 

From this inequality we arrive at (2.8). Thus, by (2.7) and (2.8) we obtain 

/ x L(a,R) n2 fR\ p 

Using (2.7), we have now 

V(a, R) < p2n fMV 

U(a,r) " * ' 

and further by (2.8), 

U(a,i?) 2n /^ n/3 

2.10 -fTT^T^ D * - 

l/(a, r) Vr 

The estimates (2.3) and (2.10) imply the following statement. 

2.11. Theorem. Let U k be a K-quasiplane in R™ witn 1 < k < n — 2. 
Tnen for every point a G Il fe and arbitrary numbers 0<r<R<oo,we have 

(2.12) exp|/ e/ (a,r)dr| < D?(K) (^) \ (3 = 

for every K -quasiconformal mapping f : R™ — > R n such that IT fc = / -1 (IIo). 
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3 Proof of Main Theorem 



Fix a iT-quasiconformal map / : R n -> R n with f(U k ) =U^. We shall estimate 
£f(a,R) by r/(E(a, i?)). Setting 

= £ (-l)*-* -1 ^ d/iA. . -AdfiA. ..Adf n , ^ f ^...aIa.-.A d/„ 

j=fe+l i=fe+l 

where are arbitrary constants, we have 



(3.1) 



e f (a,R)> j *duj J ^-u^dK 1 ' 1 

S(a,R) ' S(a,R) 



Observe that 
J \uj — uq\ dTC 

T.{a,R) 



n-1 



E(a,R) N 



i=fc+l 



•£ rf/i A . . . A d/i A . . . A 

i=fc+l 



d7f 



n-1 



< 



n/2 \ V" 



«/(2(n-l)) 



(n-l)/n 



I(a,fl) 



It is not difficult to check that 

(3.2) (v) B/(2(B_1)) <ci(n > fc)||/'(x)|r j 
where Ci(n, fc) is a constant and, in fact, 

(3.3) Cl (n,k) = (n-k) n / (2 ^^ . 
Indeed, since the form df ± A . . . A dfi A . . . A df„ is simple, 

\df 1 A...Adf l A...Adf n \ 2 

= (dfi A ... A dfi A ... A df n , df\ A . . . A dfi A . . . A df n 



Using the inequality between geometric and arithmetic means we obtain 

1 n 



i 

n-1 



< 



n 



t E M/- 

1 3 = 1 



and hence, 

— - 1 n 

(3.4) \dfi A ... A dfi A ... A df n \ 2 ^ < —— £ \df s \ 2 . 

n -L s =i 

Further, for an arbitrary vector h G R n , 

n 

\f'(x)h\ 2 = J2(Vfs,h} 2 , 
s=l 

and setting h = V/*/ |V/j|, we find 

1 n 

(3-5) |V^ 2 + — ^(V^V/^II/T- 

Thus, from (3.4) it follows 

\df 1 A...Adf i A...Adf n \ < Wf'ixW 1 - 1 
and (3.2) follows. Now (3.2) yields 

J (^)" /(2(n-i)) dn n ~ x < ci(n, fc) | nr^ir^"- 1 

S(a,R) E(o,fl) 

Next we use the inequality 

/in \ V*i / i n \ V*2 

I^fEKI" < bEW] (*.<*) 



i=l 



(see, for example, [4, §16 Chapter I]). 
We have 



1/2 / \ 1/n 

E l/^-^l 2 < [zr-L E l/*-«il B 



^ i=k+l J \" ^i= .v J 

and hence, 

\ 1/2 / \ 1/n 

E l/i-«i| 2 <c 2 (n,A;) 51 l/i-^il 

v i=fc+l / \i=fc+l 

with 02(77., A;) = (n — A;)*^ 2 ^ 2 ™). Now we see from the definition (1.2) of r)(T,(a, R)) 
that 



( n \ n/2 

E(/*-«*) 2 ^ n_1 <<?(*,*) E / i/i-oii"^- 1 
i=fc+l / i=fe + 1 E(a,fi) 



< c»(n, fc)i7- B (E(a, J?)) £ / \VsM n dH n ~ 1 



i=fe+1 E(a,.R) 
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However, (3.5) implies that |Vs/i| < ||/'|| for i = 1, . . . , n and hence, 

n 

E \Vsfi\ n <(n-k)\\fT- 

i=k+l 

Thus, we arrive at the estimate 

\ 71/2 

E(/ t -^) 2 ^ n - 1 <c 3 (n,A ; )r ? - n (S(a, J R)) J \\f(x)\\ n dH^ 1 . 

S(a,R) V= fc +! / E( 0) H) 

where 

c 3 (n, k) — (n - k) c 2 (n, k) — (n — k) n/2 . 
Substituting these estimates into (3.1), we have the inequality 

Thus, we obtained 

(3.6) £f{a , R )>-L-rj { x(a,R)) 

and using Theorem 2.11, we prove Theorem 1.4. 

Acknowledgements. The authors are indebted to Istvan Prause for a num- 
ber of very useful remarks and to the referee for a set of detailed suggestions for 
the improvement of the text. 
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